


Elementaryquestion

V
, vectorspace V

≡DV: fr V : irreducible w. r
.

t
,

some exfra data ,

E
. S .

GaV repr . V ≡ PV ;
,
Vi irreducible repr ,

low about coherent sheaves ?

Similor notion called sability .

对

↓
, ω ) X proj ,

Def . F stable if f drec not Cotainanysubsheaf E s .1
,

µ (E ) :µCF) [µCF) = Sx C( 5/n ω dint^ )
γK(F-)

Q . F ≈ Pf :
,
Fi sable ?

AnsI : ( DUy / KH )

V ,b

⻑
,
anKihler

E ≡ PEi
,
E: stable⇒ E admits HYM connecfinn

Ans 2 : (wonksfor much mme objects )
θ 5 pure admits aHVfiltration

O ≤ Fi ≤ - " ≤Fn- 1≤Fn= fit. 5 : /Fit 1 is semistble



~) Works on derived Cat of coherent sheaves
.

TomimicAus 2 , weneed

( 1 ) full subcats (x )for any XER s
. t,

Hompxx) ( P(x1 ) , P (x2 ) ) = 0 if x , <x2 ( P(x: ) ε P(x))

(' ) H E ε D "
(
x), ⽇
HN filfration ,

ie ,

0 = E
0
→ E 1

→ E
2
→ … → En = E

,
Ei ε D

"
(x )

. 中 i+> 中 i
↓:

p

("pc中.)Pcpn )

( ii ) P (x) [ 1 ] = P (x+ 1 )

And there isanobliouscandidategiveuby miginal HNfilfration ,

①F E ED "
(
X) ,he can filter E by Cohom, lfical dgree , i . l ,

0→ E
≤- M
_셅 E

≤n +1
→

… → Em
"
_→ Em = E → 0

t

…

“

…崔 ↑

"
H
(E )

"
"Hn 州

(

E

)"HM(E
③ Hi (E) ε Coh (X 1

,

then we camfilterHi( E )byHNfiHration

0→ Ei →Ei→… → En
>
; =Hi (E) → 0

公
.

1
d

HNLE )
:

”

NCE)“
as . 0 + Ej →

"

Ejt , →HNi(E ) → 0 isSES
,



“
- n+1

"

③ Cmstrut mep
En- → E

셆

( we don 'tneed tostortfrom
E≤
nas

E≤n
= H"CE)by

definifinn of fhuncation )

we sot tuo exaet riangles :
- nt |

- n+1

Ei > E
≤-

n [ 1 ]> Q : [ 1
] ≡Cn (

E

些 + E[ □ )

v
v

E州 , E
≤ M [ 1 ] ,Qi

+

" [l ] ≡Cm(E 符 →E
^
[□)

And by octahedral axiom :

- nt |

E
≡ -"
[ 1 ] ,Qi [ 1 ] ) E毕 []

√
_ nt1 U>

Qi + 1 il
] ,

E

⼀ ( ⼝

“ 为 i 1 ]
"

,
:

we find comm , diagram
=nt | ~ - u+ 1

,
}

Qii洲 ] Qi
+ ,
[ 1 ] QI ]

( by uniquenesc of Cm )

E型凸江HN箭E) II
Note thet when i = Mnt1 , Im.ny)

"

≡ E
≤ -M1 (

again by nniqueness of (on )

=⇒ E
≤n
_→ Q等 → Q洲 + … → Qei" →

E ≤
- n+1

is our decired map ,



④definesuitable map Coh(x)→ ( 0 , 1 ]

Again we use the stendord slope stability
E →µ(E) =

d⽐)butina sligutlydifferent
Coordinate

m> E -→ dg(E) + irk(E) EC
= | ( (E) | ei

2π OCE)

Fact : θ (E ) >θ(F ) C⇒ U (E) >U (F)

And fr E E ,
E

'

ECGhcX )
,
we hawe

Ham( E[ 1 ], E
') = Ex+

"
(E

, E) = 0

However
,
a bis disadvantaye of slope sebility is that

when dim4 X 22 , we om not talkabmt sability
of tomsionsheave , i . e .pickE * X s - t ,γK(E ) = O =CCE )

Then U( E)&O( E)arebothnotdefined .

so in additional We need

addifive Homm
.

2

( v ) k,(p
"
(x)) = K 0 (X ) h

A
- lsome finite rk Gttice) → 4

2πi 中VE εD($) ,z(Ch(E )Roe

And a techical requirement to aroid wild sability Condifion
( I don't horve any

understanding ^ n it )



(”

inf{",11
|2(Ch

) : O# Eε 可中 } > 0

actually (itis aprettystronsProperty . )
when

X

iscurve, ko ( X)→ hΛ≡ Irk⑦ Ides

=⇒11 z(Ch(E) )||=γK(E )
|

' +degcE) P =C (E )11

= )inf 1 z ( ch(E) ) = 1 > 0
11 ch (E311

1s $opestebility define a bmidgelndsebilitywhen X is crve
.

Thm
.
( Toda) When dima (x) ≥2 , we can

'

t choose

D (p) to be Cohcx)
,

Then we need to do some tiblins 1 maybe discuss in the future )

Space of SabilityConditinn
The space of sebility Condition Stab(X) is Consisted of (p , 2]

and the topolsy is defined as follow ;

For σ ,
= (P1 ,

2, ) , σ2 = (P2 , 22 )

| - 62|= sup { $o( E)- 帖 (E )| , 10 ,
(E) - P2 (E) | , 112 ,

-zl ]
EεD"CX

)
,0 g

here we filter E by P , & P2
O = E.

→E 1 →
… → En

-1
→ Eu = E

⼋
,
↓ 只 ↓

Pcla) P1clo
,

"

≥



0 = Ei → Ei → … → Em
.
→ Em = E

下
: ↓ : ↓

加(ov) 召 (中
6zm )

帖
(
E) = 帖 ,

%
( E)=$ 6, ,

same fm 62

And we fix d mefric g on Hom(
A
,4

)

This is the Coarsed topolsy to make functinns
(), 2) → Z mfinunus

& θ E ε D加(x ) , ( 2)→$+(E )
(p , 2) → 中(E) Cmtinunus

.

Thm .

( Bridgeland )

The mop (p, 2)ε Seb (x )
, (2 ) -→ 2

is a local homeommphism ,
ie

.

Sab (x ) admits a cplx mfld
Sfructare with dimension = dim

¢
A
-

x4


